ON o-FINITE INVARIANT MEASURES
FOR MARKOV PROCESSES

BY
S. HOROWITZ(!)

ABSTRACT

Sufficient conditions are given for the existence of o-finite invariant measure
for conservative and ergodic Markov processes.

1. Definitions and notations. A Markov process is defined to be a quadruple
(X,Z,m,P) where (X,X,m) is a measure space with finite positive measure m
(m(X) = 1) and where P is an operator on L,{m) satisfying:

(i) P isacontraction: " P “ =1

(it) P is positive: if 0 £ f e L,(m) then fP = 0.

The operator adjoint to P is defined in L (m). It will also be denoted by P but
will be written to the left of its variable. Thus {fP, g> = {f, Pg) for fe L,(m),
geL (m).

The operator P on L,(m) acts on the signed measure A< m as follows:

(L.1) AP(A) = f P1,A(dx).

Equation (1.1) will occasionally be used for o-finite positive measures.
We shall also define the operator I, for A € X, by

(1.2 If(x) = 1,f(x)
(L.3) Al(B) = ABNA).

The process is said to be ergodic if

(1.9 O0<m(d)<1=>Pl, #1,
Let us define the operator:

L5) P,=1, §0(PI APl 4.
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It is well known that (4,Z,m, P ) is a Markov process.

The process (X, X, m, P) is said to be conservative if P,1, =1, for all 4 with
m(4) > 0.

It can be shown (see for example [1]) that if the process is ergodic and con-
servative then for every non-zero function 0 < f € L y(m).

(1.6) )if P'f(x) = o ae.

A positive measure p is called invariant (under P) if (1.7) uP = p.
Throughout this paper, (X, Z, m, P) is assumed to be an ergodic and conservative
Markov process.

2. On existence of a o-finite invariant measure.

THEOREM 1. The condition (2.1) is sufficient for the existence of a o-finite
invariant measure p, equivalent to m, such that y(A) = 1 for some set A€ X.

N
Y. mP"(B)
2.1) If m(B) > 0 then lim sup "= ——— > 0.
N-w N
2. mPY(4)
n=1
THEOREM 2. Let us denote
N
X P "15(x)
2.2 Yn(x, 4, B) = .
N
> P"(x)

]

n=1

The condition (2.3) is sufficient for the existence of a o-finite invariant measure
U, equivalent to m such that p(A) = 1.

(2.3) lim sup—l— §¢N(x,A,B)>0 (m(B) > 0)
M-® M N=1

for all x e E where m(E) > 0 (E depends on B).

ReMaRrk. If there exists such a measure, then by the Chacon-Ornstein Theorem:

i1 M=

Pr1g(x)
2=l —u(B) ae.

PL(x)

lim
N-w

1=

Lt}
-

n

Hence, the condition of Theorem 2 is also necessary.
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LemMA 1. Let A be a finite measure invariant under P, then
o0
p=4i, X (PLY
n=0

is o-finite measure on x, invariant under P, and B c A > u(B) = A(B).
Proof. This is Lemma 1 of [3].

LemMA 2. For each integer N, and 0 < f € L (m):
N N
@4 L PP S T PLI |f] o
Proof. Let N be fixed, for each integer K and 0 < f e L (m):

0

IA
I ™M=

K N K
P, X (PLO)*PI,f(x) = X P(I—14) X (PLe)*PI,f(x)
k=0 k=0

n=1

= )If P f (PLO)*PI . f (x) — )IE pt Kil (PI.0)*PI.f (%)
= n=1 k=1

1 k=0

% P f (PL40)'PALf(x) — % pr! kEK: (PLyc) PLf (x))
= n=1 =0

I
P
£

1 k=0
N K K+1
+ TP ( Y (PLof - 2 (PIAc)‘)PIAf(x)
n=1 k=0 k=1

Py (PLO)"PLf(x) — ﬁo (PLO*PLf(%)
k=0 =
N
+ ﬁ_v: P f(x) — glp"“(PIAc)K“PIA f(x)

K N
< I PLI0+PY T (PLOPLIOS T PLIG) + |f]..
n=1 k=0 n=1

But this inquality is true for every K, let K - oo and then we get X,—, P"P,f(x)
S T PLG) + | f ]
Let us define a functional v on L(4,Z,ml ;) as follows: Let {N} be a sequence
of integers:
Ny
X (mPf)
2.5) Wf) = Li;n ~=—,l—“ (a Banach limit).
Y mP(4)

n=1

Let us also define an operator T from L, (4,X,ml,) into L, (X, %, m)as follows:
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(2.6) Tf(x) = Lim | 251
N

it is clear that | v||=1and | T| =1.

LEMMA 3. For each f e Ly(A,X, m) we have:
@7 Tf(x) = TPf(x)
28) W) = AP

Proof. According to (2.3) and (2.6) and by the fact that X, P™ ,(x)= o
a.e. we have for each 0 f<1,: Tf(x)= TP,f(x) aee. but Tl,—TP,f
=TP,(1,—f)£T1,— Tf=Tf<TP,f. Hence Tf(x) = TP,f(x) a.e. and (2.7)
is proved. The proof of (2.8) is similar.

LeMMA 4. If there is no o-finite invariant measure u equivalent to m such
that p(A) =1 then there is a non-zero function 0= g <1, and a sequence of
intergers {n;} so that

t™Ms

29 Pig

IIA

1,.

[l
oy

i

Proof. Lemma 3 of [6] says: Let (X, X, m, P) be a Markov process and there is
no finite measure invariant under P then there is a non-zero function 0< g <1
and a sequence of integers {n,} so that X, JP"g < 1.

Now, if there is no o-finite invariant measure u such that u(4)=1, then we can
conclude from Lemma 1 that there is no finite measure, supported on 4 and
invariant under P,. Hence, there is a function 0 < g <1, and a sequence of
integers {n;} so that 2,2, P¥g < 1,.

Proof of Theorem 1. Let us assume that there is no o-finite invariant measure
4 equivalent to m such that u(A4) = 1. Let g be the function of Lemma 4.
By (2.1), there can be found a sequence of integers {N,} so that:

Ny

X (mP g
lim®~= >0
J=ow Ny

; mP"(A)

Let us put this sequence in (2.5), and then v(g) > 0. But, by (2.8), and (2.9) we have,
for every integer N:
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N
1=v(1)2 v ( T P;"g) — N¥(g),

i=1
A contradiction. So, Theorem 1 is proved.

Proof of Theorem 2. Let B = {x [ g(x) >¢} where g is the function of
Lemma 4, Bc A4, and we can find a 6> 0so that m(B)>0, hence X2, P51 p<1/el .
By (2.7) and (2.9) we have for every integer N: (1/e)l =(1/e)T1,= XY ,TP%1,
= N - T1y Hence, Tl =0, or Limyy(x, 4 - B) =0 for all Banach limits, where
VUn(x, A, B) is defined in (2.2). That means, the sequence Yy(x, A, B) almost con-

M
verges to zero, and by Theorem 1 of [5]: 1 Y Yy(x,4,B)—>0 ae. A contra-
M N=1 M-
diction to (2.3). So Theorem 2 is proved.

REMARK. Without the assumption that the process is ergodic, the conditions of
Theorem 1 are sufficient to show the existence of a o-finite invariant measure y,
with p(A) = 1, supported on 4 and equivalent to mI4, where

[o¢]
A= {xl Y PM (%) > o}.
n=1
THEOREM 3. (a) Let B be a set with m(B) > 0 and

1 M
lim — X ypyx,4,B)=0 ae.

M~0 M N=1

then X = | J7=1 B, so that

M
(2.10) lim Y Yn(x,4,B) =0 ae. forall].
M-0 M N=1

(b) Let B be a set with m(B) >0 and

N
Y mPY(B)
lim 2=% =0
N—ow N
Y. mP(A)
n=1
then X = | Ji% B; so that
N
X mP%(B))
(2.11) lim L — =0 for allj.
N-o N
X mP(A)
n=1

Proof. Let us define:
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@2.12) By = { x| PH4(0) = _11_ }
It is clear that| ;B = X,and i - P*15 2 1,,. Hence:
N N
Y mP™(B,) i- X mP"*%B)
lim =1 < lim —2=% =0
N-w N N— N
Y mP"(A) E mP"(A)
n=1 n=1

and (2.11) is proved. The proof of (2.10) is similar: According to the assumption
of the theorem, for every x € X, except of a null set, we have: (i) X, ; P"1 4(x) =

(ii) It can be found a sequence of integers of density 1 {N;} such that
lim;, Wy, (x,4,B) =0, but:

Nj
E Pn+le(x)
lim yry;(x,4,By) £ lim = =0,
jor o Jj-r oo Nj
T P

Hence, lim — E |//N(x A,B,) =0, and (2.10) is proved.
M- © M

CoOROLLARY. Each one of the following conditions, (a) and (b), is sufficient
for the existence of a o-finite invariant measure p such that y(A) = 1.

(a) There can be found a positive number &, so that for every set B with

N
Y mP(B)
m(B) > 1 — ¢ we have limsup =2 >0,
N- N
Y mPY(A)
n=1

(b) There can be found a positive number &, so that for every set B with
m(B) > 1 — & we have lim sup —;2 E Wn(x,4,B) >0 for all x €E, m(E)>0
M-
(E depends on B).

Proof. By Theorem 2, we can conclude that conditions (a) and (b) of the
Corollary imply (2.1) and (2.2) respectively.

THEOREM 4. Let us assume that the o-field T has an atom A, then there
exists a o-finite invariant measure y, equivalent to m, such that u(4) = 1.

Proof. Let m(4) =¢> 0, then for all BeX, m(B)>1~¢= 4 < B.
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M=

mP"(B)

n=1

v
.

Hence:

M=

mP"(A)

n=1

and by the Corollary of Theorem 2, there is a o-finite invariant measure p such
that u(A) = 1.

ReMARK. If X is countable then each x € X is an atom, hence there is a o-finite
invariant measure p, such that u{x} = 1.

Let P"=Q, + R, where Q, is an integral operator with the kernel w,(x,y),
and if K is any integral operator so that 0 < K < R, then K =0.

DErINITION. (X, B,m, P) is said to be a Harris process if Q,> 0 for some
integer n.

The following theorem was proved by Harris [3] (see also [2] and [4]). We
shall get it as a consequence of the Corollary of Theorem 2.

THEOREM 5. If P is a Harris process then there exists a o-finite invariant
measure equivalent to m.

Proof. Let P be a Harris process where there is an integer k so that @, > 0, let
w,(x,y) be the integral kernel of Q,. Hence, there are two positive numbers ¢, 9,
so that if we shall define

E. = {y| ofx,y) > ¢}

then it can be found a set 4 with m(4) > 0, so that m(E,) > J for each x € A.

Let B be a set with m(B) > 1 — §/2 then x € A = m(B N E,) > ¢/2, and therefore
x€ A= P 1y(x) [popx @(x, Y)m(dy) Z em(B N E,) > (¢/2) and hence P*1(x)
> (£6/2)1 4(x), and we get

N
1 M E P"'Hle(x)
limsup — X Yu(x,B,4) = liminf 2=1
M=o M N=1 N—o0 N
;1 P11 (%)
3
P (x)
> liminf%-“l >32—‘5>0
N-© N
Y Pr14(x)

n=1

and by the Corollary of Theorem 3, there is a o-finite invariant measure, and the
theorem is proved.
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